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Abstract. We perform the extensive Brownian dynamics simulations on the suspensions of the monodisperse magnetic 
colloidal chains confined in the thin films at several different area fractions. It is shown that the long-time self-diffusion 
coefficients of the colloidal chains with different chain lengths converge on the single master curve, even though the area 
fraction of the chains is different. We also show the phase diagram of the suspensions. The value of the melting point depends 
on not only the number of colloidal particles N^ within one chain but also the area fraction a for the suspensions of the 
colloidal chains. 
Keywords: Dilute suspensions, Long-time self-difiusion coefficient, Magnetic colloidal chains 
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INTRODUCTION 
When the dilute suspensions of the magnetic colloidal 
particles are confined in the thin films and the external 
magnetic field is applied perpendicular to them, the col-
loidal chains parallel to the field are formed. The diffu-
sive motions of the magnetic colloidal chains have been 
investigated in the bulk system [1, 2] and confined in 
the thin film [3, 4]. The monolayer colloidal suspen-
sions have also been investigated [5, 6]. In addition to 
that, the anisotropic diffusion of the orientated liquid-
crystals like chains has been also investigated [7]. As 
the external magnetic field is increased, the diffusion of 
those colloidal chains slows down, leading to a decrease 
of the long-time self-diffusion coefficient of the chains. 
Recently we found that the long-time self-diffusion coef-
ficient of the chains obeys a singular function of a control 
parameter proportional to the square of the applied field 
strength at the constant area fraction c = 0.03. The sin-
gular point is also shown to be inversely proportional to 
the square of the number of magnetic colloidal particles 
within one chain. 
In this paper, we perform the extensive Brownian dy-
namics simulations on the suspensions of the monodis-
perse magnetic colloidal chains at several different area 
fractions. We discuss the diffusive motion of the chains 
projected on the films. By analyzing the simulation re-
suhs from a unified standpoint based on the mean-field 
theory proposed recently by Tokuyama [8, 9], we have 
shown that there exist similarities not only in the dy-
namics of the chains but also in the spatial distribution 
of the chains with different chain lengths at the differ-
ent area fractions. We also discuss the phase diagram of 
those suspensions for the different chain lengths at the 
different area fractions. 
SIMULATION MODEL 
We consider the colloidal chains dispersed in an equilib-
rium solvent with a viscosity r] at temperature T. Each 
colloidal chain consists of N^ identical magnetic col-
loidal particles with radius a and the magnetic suscepti-
bility X- The suspension is confined in the thin film with 
thickness Lz(= 2aiVz).The dipole moment of coUoidal 
particle / in the ath chain under the external magnetic 
field H{= HBZ) is given by mai{— ^na^jioX^)' where 
gz denotes the unit vector whose direction is parallel to 
the magnetic field and Ûo the absolute permeability of 
vacuum. The time evolution of the position of the ath 
chain which consists of Nz coUoidal particles projected 
on the film, Xa, is described by the stochastic diffusion 




^ S S S ^ ' K / 3 , ) + M 0 , (1) 
l}^ai=lj=l 
where tc{= a^/Dc) denotes the structural-relaxation time 
for a chain to diffiise over a distance a,Dc{= DQ/NZ) the 
diffiision constant of the single colloidal chain formed 
by Nz colloidal particles, Do{= ksT/y) the diffusion 
constant of the single coUoidal particle, / ( = Gnrja) the 
friction constant of the particle, and ra.p. = »•«_. - rp. 
[10]. Here fa, is the position of particle / in the ath 
chain. The magnetic force of particle / in the ath chain 
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from particle j in the /3th chain, F''{rf^.^), is given by 
F'' = —{d/drai)U, where magnetic dipole potential U 








Here J (= ^na^IIQH^x^/^BT) denotes the dimensionless 
magnetic field energy. The z positions of all colloidal 
particles are fixed because the film thickness is equal to 
the length of the chains and the strength of the magnetic 
field is enough strong to keep the rodlike chains parallel 
to the field. Hence the magnetic force term F'^{rg,.p.) in 




' • a , . / 3 , 
!'•«,•/S; 
ea , /3 , -5 (ez -e„ . /3J ea , /3 j , (3) 
The random stochastic velocity 
Vait) obeys a Gaussian, Markov random process and 
satisfies the foUowing relations < Va{t) >= 0 and 
<Vait)Vpit')> = 2D,5a^p5it-t')E, (4) 
where the brackets denote the ensemble average and E 
unit matrix. 
It is convenient to introduce the dimensionless con-
trol parameter F which is defined by the average dipole 
energy between two particles over the average distance 
io{= a/i/ff) on the film in [8, 6] 
U{io) _ 4 7ta^iioH^X^<y^^^ 
knT hT 
= Ja^l^. (5) 
SIMULATION RESULTS 
Our simulation cell consists of Nxy = 2,500 and 
10,000 chains in a rectangular cell with the peri-
odic boundary conditions. The simulation is done 
for N, = 1, 2, 3, 4, 5, 10, 15, and 20 at CT = 0.03 
(0 = 0.02), a = 0.01 (0 = 0.0067), and a = 0.003 
(0 = 0.002), where 0 denotes the volume fraction of 
the colloidal particles. The total number of the colloidal 
particles N is from 2,500 for (N^, N^) = {\, 2500) to 
150,000 for {N„ N^) = (15, 10000). The chains onxy 
plane are set on the random configuration initially. After 
waiting the enough long time to equilibrate the system. 
we observe the physical quantities. In the present simu-
lation, the cutoff distance of the force calculation is set 
as 21^0 and the time interval of the difference equation 
of Eq. (1) 0.001 to, where IQ is the average distance 
between the nearest chains on xy plane. 
Figure 1 shows the phase diagram at the different area 
fractions (a) o = 0.03 and (b) 0.003. At the short chain 
region, the melting point of the chain r„(iVz) decreases 
rapidly as N^ is increased on the both area fractions. 
Tm{Nz) decreases gradually for Nz > 5. Even though the 
area fraction of the system in Fig. 1(a) is 10 times bigger 
than that in Fig. 1(b), both phase diagrams are similar. 
The only difference between them is that the melting 
point of the chains (Nz ^ 2) for a = 0.03 is shghtly 
bigger than that for a = 0.003. 
The r dependence of the long-time self-diffusion co-
efficient of the chains with different lengths Dg is shown 
at (7 = 0.03, 0.01 and 0.003 in Fig. 2. On the monolayer 
colloidal suspensions (Nz = 1), F dependences of Dg 
with different area fractions converge on the single mas-
ter curve. On the other hand, F dependence ofD^ for the 
chains (Nz > 2) depends on not only the chain lengths Nz 
but also the area fractions a. The intensity of the many-
body dipole interaction among the chains, which deter-
mines the value of Dg, is affected by the chain lengths 
and the average distance between the chains. The dimen-
sionless parameter F is however given by only the dipole 
energy between two particles in the same plane. It is nec-
essary to consider the dipole energy between the chains. 
Therefore we propose the dimensionless control param-
eter TM^ of the chains by considering the repulsive force 
between the ath chain and the /3th chain whose distance 




where Fi{io) denotes the force between the colloidal 
particles whose distance is io in the same plane. Data 
converge on a single master curve, if D^/Dc is plotted 
versus TM^ in Fig. 3. The similarity in the long-time self-
diffusion coefficient is found on not only the monolayer 
suspensions but also the suspensions of the colloidal 
chains. Here Dg is proposed by Tokuyama in [8, 9], 
^ ( r A 
DciNz] 
1 + e 
(7) 
Tc is the singular point where Dg becomes zero theoret-
ically. It is here given by F^ = 99.7 from our previous 
simulation results. The parameters A, B, and e are also 
given by 
A = 1/2, 5 = 1 , e = 4.53. 
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FIGURE 1. Phase diagram of the monodisperse colloidal chains (a) at d = 0.03 and (b) a = 0.003. Open circles denotes the 
liquid region and closed circles the crystal region. 
logio(r) 
FIGURE 2. (Color online) T dependence of the long-time 
self-diffusion coefficient of the chains with different lengths 
for (T = 0.03, 0.01, and 0.003. Circles denote the simulation 
results for N^ = 1, diamonds N^ = 2, squares N^ = 5, triangles 
Nz = 10, and inverted triangles A'z = 15. Open symbols denote 
the simulation results for a = 0.03, gray filled symbols a = 
0.01, and dark red filled symbols a = 0.003. 
Our simulation results are in good agreement with the 
theoretical prediction in Fig.3. 
Finally we show the similarities in the dynamics and 
spatial distribution of chains, if the values of the rel-
ative long-time self-diffusion coefficient to the diffu-
sion constant of the single chain D^/Dc are the same. 
The examples are (a) {r,N„a) = (57.15, 1, 0.03) and 
(b) (15,2,0.01) withD^^/Dc = 0.115. The mean-square 
displacements on the film M2(?)(=< \Xa{t) —Xa{t = 
0)p >) are plotted versus time in Fig. 4. M2{t) with 
Q 
logio(rNz) 
FIGURE 3. (Color online) T^^ dependence of the long-time 
self-diffiision coefficient of the chains with different lengths for 
(T = 0.03, 0.01, and 0.003. The symbols are the same as Fig.2 
The solid line is given by the mean-fie Id theory of Eq. (7) [8, 9]. 
different lengths and area fractions converge on a sin-
gle master curve, if M2 and t are scaled by il and 4(= 
il/Dc). In Fig. 4, we also plot the theoretical results pro-
posed by Tokuyama in [8, 9]. M2{t) for the suspensions 
is given theoretically by 
M2(0 <?2ln l+^^ye'^s^f^'-l} , (8) 
where i indicates the mean-free path and D^ the short-
time self-diffusion coefficient. Here we could replace Z)| 
by Dc. Our simulation results are in good agreement with 
the mean-field theory. The radial distribution functions 
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10gio( t / tc ) 
FIGURE 4. Time evolution of mean-square displacement 
of the chains. The symbols are the simulation results for 
£)^/£)c = 0.115at(r,iVz,(j) = (57.15, 1, 0.03) (open circles) 
and (15, 2, 0.01) (crosses). Solid line indicates the theoretical 
resuhofEq. (8)[8, 9]. 
FIGURE 5. Radial distribution functions of the chains. The 
symbols are the same as in Fig. 4. The solid line also indicates 
the simulation result at (r,A'z,(T) = (15,2,0.01) foraguideto 
eyes. 
of them are also the same in Fig. 5. We note that the 
characteristic length is the average distance between the 
chains io substitute for the radius of the chains a here. 
SUMMARY 
The extensive Brownian dynamics simulations are per-
formed on the suspensions of the monodisperse mag-
netic colloidal chains confined in the thin films at several 
different area fractions. We obtain the phase diagram of 
the systems. For the monolayer, the value of the melting 
point Tm does not depends on the area fraction a. On the 
other hands, it depends on not only Nz but also the area 
fraction a for the suspensions of the colloidal chains. 
The value of the melting point of the chains (Nz ^ 2) 
for G = 0.03 is bigger than that for a = 0.003. This is 
due to the dipole interaction among the colloids in the 
chains. Despite this, we found the similarities in the dy-
namics and the spatial distribution of the monolayer col-
loids and the colloidal chains with different lengths at 
different area fractions confined in the thin films. It is 
shown that most data converge on a single master curve 
if Dg/Dc is plotted versus novel dimensionless parameter 
TM^. It seems however that TM^ dependence of the chains 
for Â  = 15 is slightly different from that for Nz < 10. 
This is attributed to the dynamical many-body interac-
tions among the particles in the long chains. It needs the 
further consideration. 
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